Abstract. A full Steiner tree T for a given set of points P is defined to be linear if all Steiner points lie on one path called the trunk of T . A (nonfull) Steiner tree is linear if it is a degeneracy of a full linear Steiner tree. Suppose P is a simple polygonal line. Roughly speaking, T is similar to P if its trunk turns to the left or right when P does. P is a left-turn (or right-turn) polygonal spiral if it always turns to the left (or right) at its vertices. P is an infinite spiral if n tends to infinity. In this paper we first prove some results on nonminimal paths and the decomposition of Steiner minimal trees, and then, based on these results, we study the case in which an infinite spiral P has a Steiner minimal tree that is linear and similar to P itself.
Linear Steiner trees and polygonal spirals.
A Steiner minimal tree SM T (A) for a set A of given points (called regular points) is a shortest network interconnecting these points with some additional points (called Steiner points) [3] . All angles in SM T (A) are no less than 120
• . A tree satisfying this angle condition is called a Steiner tree. By topology of a network we mean the graph structure of the network. Steiner trees can be classified as full or nonfull. A Steiner tree is called full if every regular point is of degree one. The importance of this classification is that any Steiner tree can be decomposed into a union of full subtrees. On the other hand, a nonfull Steiner tree can be regarded as a degeneracy of a full Steiner tree [4] ; i.e., some Steiner points in the tree collapse into their adjacent regular points.
In this paper we give another natural classification of Steiner trees. Suppose a Steiner tree T for A is full. If every Steiner point is adjacent to three regular points, then there is only one Steiner point, and A is a three-point set. If every Steiner point is adjacent to two regular points, then there are only two Steiner points, and A is a four-point set. When A has five points, every Steiner point in T is at least adjacent to one regular point. However, when A has more than five regular points, there may be Steiner points that are not adjacent to any regular points. It is worth noticing that if every Steiner point is at least adjacent to one regular point in a full Steiner tree, then all Steiner points lie on one path. Such a full Steiner tree is defined to be linear, and the path joining all Steiner points in sequence is called its trunk. A nonfull Steiner tree is defined to be linear if it is a degeneracy of a full linear Steiner tree. Clearly, in a certain sense, linear trees are the simplest of all Steiner trees. First, we ask the following question: What sets of points have linear Steiner minimal trees?
A sequence of points {a 0 , a 1 , . . . , a n } (n ≥ 2) is called a (simple) polygonal line if no two nonconsecutive line segments a i−1 a i and a i a i+1 meet. This line will be written as P = a 0 a 1 · · · a n . Suppose a Steiner tree T for P is linear with trunk s 1 s 1 · · · s n−1 . (As mentioned above, some Steiner points may coincide with regular points if T is nonfull.) T is defined to be similar to P if s i are adjacent to a i for all i (1 ≤ i ≤ n−1). The modifier "similar" comes from the fact that, roughly speaking, in this case the trunk turns to the right or left when P does. Now the second question arises: What polygonal lines have Steiner minimal trees that are similar to themselves? There are two extreme types of polygonal lines. If a polygonal line P = a 0 a 1 · · · a n always turns to the left or right at its vertices, then it is called a left-turn or rightturn polygonal spiral. (For simplicity, we often just say that P is a spiral and omit the modifier "polygonal.") If P turns left and right alternately in some way, then it is a wave line. In this paper we study only the spirals that have similar Steiner minimal trees and leave the discussion on wave lines with similar Steiner minimal trees to another paper. When P is a spiral, we are much more interested in its behavior when n tends to infinity; i.e., n is arbitrarily large. Such a spiral is referred to as an infinite spiral. In this paper we first prove some results on nonminimal paths and the decomposition of Steiner minimal trees, and then, based on these results, we study the case in which an infinite spiral P has a Steiner minimal tree that is similar to P itself.
Nonminimal paths and the decomposition of Steiner minimal trees.
In this section we prove some general results that can be used to eliminate nonminimal Steiner trees.
A path in a Steiner tree that always turns left (or right) at its vertices is called a left-turn (or right-turn) path. An object involving more than two points (e.g., an angle, a path, a polygon, etc.) is usually written in counterclockwise order unless specially indicated. After Cockayne [1] , by (ab) denote the third vertex of the equilateral triangle (ab)ba based on ab and on the right side of ab looking from a to b. Furthermore, this notation can be used to represent a full Steiner tree. For example, (ab)(cd) represents the full Steiner tree in which a, b join a Steiner point and c, d join another Steiner point. By |x| we denote the length of x where x is a line segment, a polygonal line, or a tree. In this section suppose T is a Steiner tree on a set A.
Lemma 2.1 (nonminimal paths). Suppose p · · · rq is a path in T such that prq ≤ 60
• . Let d be the point on rq (Figure 1(a) ) or its extension (Figure 1(b) ) such that dpr = prq. Suppose any regular point (e.g., a i in Figure 1 ) in the polygon p · · · rd is connected to q via r, and suppose q is a Steiner point if q lies on rd. Then T is not minimal.
Proof. If d lies strictly on rq then rq can be replaced by pd to shorten T since |pd| < |rq|. Now suppose q lies on rd. If d = q, then q is a Steiner point by our assumption. Hence, we obtain a new tree T ′ with the same length by replacing rq with pq. Since the angle condition is not satisfied at q, T ′ is not minimal. Finally, suppose d lies strictly on the extension of rq. Let the left edge of q looking from r to q end at v. If qv meets pd at a point u, then |pu| ≤ |rq|. rq can be replaced by pu to shorten T . If qv does not meet pd, then the right turn path rqv · · · ends nowhere since all regular points in p · · · rd have been connected to q through r. Now we state a theorem which was first proved by Pollak [6] , then improved in [2] and [8] .
Theorem 2.1 Suppose abcd is a quadrilateral such that (ab)cd ≥ 120
If the angle at the intersection of the diagonals subtending to ab is less than 90
• , then the full Steiner tree (ab)(cd) exists and is the unique Steiner minimal tree. 
Proof. If the condition is satisfied, then there is a point p ′ on ps 1 and a point q ′ on qs 2 such that p ′ s 2 is perpendicular to s 1 q ′ . It follows that the angle at the intersection of ps 2 and s 1 q subtending pq is less than 90
• . Clearly, the quadrilateral qps 1 s 2 satisfies the conditions of Theorem 2.1. Therefore, |ps 1 |+|s 1 s 2 |+|s 2 q| is longer than the Steiner minimal tree (qp)(s 1 s 2 ). T is not minimal.
A Steiner polygon of a set A is a polygon such that all Steiner minimal trees for A lie in it [1] , [9] . Lemma 2.3. Suppose (1) a, b, c, d are four consecutive vertices of a Steiner polygon of A and abc + bcd ≤ 180
• , (2) there is no regular point in abcd, and (3) the full Steiner tree (da)(bc) is the unique Steiner minimal tree on abcd.
If there is more than one Steiner point lying on the path connecting b, c in T , then T is not minimal.
To prove this lemma we need the following embedding theorem [8] . Theorem 2.2. Suppose abcd is a quadrilateral embedded in another quadrilateral a point q. Applying the embedding theorem to abcd and pbcq, we conclude that the subtree on pbcq, and consequently T , is not minimal.
Let T be a Steiner minimal tree on a set A. Suppose A is decomposed into two subsets A 1 and A 2 , and T can accordingly be decomposed into two subtrees T 1 and T 2 so that T i (i = 1, 2) connect the regular points in A i (i = 1, 2), respectively. If A 1 and A 2 share only one regular point a and T 1 joins T 2 at a, then T as well as A is defined to have a point decomposition at a. If A 1 and A 2 are disjoint and T 1 joins T 2 by an edge s 1 s 2 with s i (i = 1, 2) in T i , then T as well as A is defined to have an edge decomposition with s 1 s 2 . In such decomposition terms the above lemma can be stated as follows.
Lemma 2.3*. Let A 1 = {b, c} and let A 2 consist of a, d and other regular points of A. If the conditions in Lemma 2.3 are satisfied, then the Steiner minimal tree T on A has an edge decomposition with two subtrees spanning A 1 and A 2 , respectively.
Gilbert and Pollak [3] proved a property concerning the decomposition of Steiner minimal trees which they called the double wedge property. Double Wedge Property. Suppose two lines meet 120
• at a point o so that all points of A lie in two 60
• wedges R 1 and R 2 . (1) If o is a regular point, then the Steiner minimal tree T has a point decomposition at o with two subtrees spanning the subsets of A in R 1 and R 2 , respectively.
(2) If o is not a regular point then T has an edge decomposition with two subtrees spanning the subsets of A in R 1 and R 2 , respectively.
Suppose
Let o be the intersection of ac and bd. If boa ≥ 120
• and no regular points lie in △boa and △doc, then abcd is called a neck of the Steiner polygon. Thus, the double wedge property can be improved as follows.
is a Steiner polygon of A with a neck abcd. Then the Steiner minimal tree T has either a point decomposition (Figure 3(a) ) or an edge decomposition (Figure 3(b) ) as stated in the double wedge property.
Proof. Suppose o is the intersection of ac and bd. Let the regions enclosed by obb ′ · · · c ′ c and odd ′ · · · a ′ a be R 1 and R 2 , respectively. If o is a regular point, then we can delete △boa from the Steiner polygon of A since boa ≥ 120
• . Similarly, we can delete △doc. Thus we obtain a new Steiner polygon consisting of two small ones that join at o. Hence, T has a point decomposition at o. Now suppose o is not a regular point. If there is a Steiner point s in △boa, then there is a left-or right-turn path starting from s which intersects ab at an interior point and goes out of the Steiner polygon. This contradicts the definition of Steiner polygons. Similarly, there is no Steiner point in △doc. Hence, all Steiner points lie in R 1 and R 2 . Suppose there are two edges in T crossing the sides of △boa and/or △doc at p 1 , q 1 in R 1 and p 2 , q 2 in R 2 , respectively. Since boa ≥ 120
• , one of p 1 p 2 , q 1 q 2 is the longest side of p 1 q 1 q 2 p 2 . Hence, T cannot contain both p 1 p 2 and q 1 q 2 . We obtain a contradiction.
Remark. In the lemma it is not required that no regular points lie in two angles boa or doc. For example, a ′ , b ′ lie in boa in Figure 3 .
3. Logarithmic spirals. Suppose P = a 0 a 1 a 2 · · · a n is a left-turn spiral. P can be characterized by two sets of parameters: edge ratios k i = |a i a i+1 |/|a i−1 a i | and turning angles α i = a i−1 a i a i+1 . It is naturally assumed that 0 < k i < 1 and 0 < α i < 180
• . Without loss of generality, assume |a 0 a 1 | = 1. Theorem 3.1. If k i = k and α i = α, where k and α are two constants, then all a i lie on a logarithmic spiral curve with an asymptotic point o. All polar angles a i oa i+1 between two adjacent points a i , a i+1 (0 ≤ i < n) are equal.
Proof. Let o be the intersection of the arcs a 0 a 1 , a 1 a 2 such that a 2 oa 1 = a 1 oa 0 =ᾱ = 180
• − α. Since
the two triangles △oa 0 a 1 and △oa 1 a 2 are similar. Now because k i = k and α i = α, all a i+1 oa i equalᾱ and all △a i+1 oa i are similar (Figure 4 ). Let o be the pole and oa 0 the polar axis. Let ρ denote the radius vector and θ the polar angle. Hence, the coordinates of a i are ρ(a i ) = |oa i | and θ(a i ) = iᾱ. Since |oa i+1 |/|oa i | = k, they satisfy
where ρ 0 = |oa 0 |. Hence, a i (0 ≤ i ≤ n) lie on the logarithmic spiral curve
and the polar angles between a i and a i+1 (i ≥ 0) are all equal toᾱ. By this theorem, a (polygonal) spiral with constant edge ratio k and turning angle α is called a logarithmic (polygonal) spiral and is denoted by L n (k, α). If n tends to infinity, then it is denoted by L ∞ (k, α). Let β = oa i a i+1 , γ = a i a i+1 o. It is easy to show that
Assume we have expanded T to a i 0 by Melzak's method [5] , and we denote the expanded tree by T i . Then T i is a Steiner minimal tree on the set
. . , a n }.
Clearly, a 
• . Proof. First note that if the Steiner minimal tree for L ∞ (k, α) is similar to L ∞ (k, α) itself, then the left-turn Steiner path starting from a 0 is an infinite path; that is, it has no end. Now suppose α < 120 • ; then a • , and it is unlimited decreasing when i goes to infinity (refer to Figure 4) . Therefore, when i is large enough, a i 0 a i will intersect line segment a j a j+1 for certain j > i. It implies that the left-turn path starting from a 0 is not an infinite path and must end at a certain regular point. Thus, the theorem is proved.
Theorem 3.3. If k ≤ 0.4758 and α ≥ 120
• , then the Steiner minimal tree for
Hence, the Steiner minimal tree is unique and similar. Proof. Suppose T is the Steiner tree for L ∞ (k, α) with the topology
If the theorem is true for α = 120
• , then all Steiner points must collapse into their adjacent regular points; that is, T is L ∞ (k, α) itself. Hence, the theorem also holds for α > 120
• . Below we prove the theorem is true for α = 120
• . When α = 120
• , a i 0 a i+1 a i+6 a i+7 a i+4 a i+3 . By the formulae listed above,
• when k ≤ 0.4758. The theorem is proved if we can show that a i 0 and a i+1 join the same Steiner point in T i for all i ≥ 0, where T i is the Steiner minimal tree for A i = {a i 0 , a i+1 , a i+2 , . . . , a n }, as stated before. We prove by contradiction. That is, below we will show that T i is not minimal if there are m(≥ 2) Steiner points on the path connecting a Figure 5 ). We want to show that a i+6 a i 0 a i+1 a i+2 satisfy all three conditions of Lemma 2.3. We have shown that
• .
To satisfy the first condition, we need only to prove that a i+6 is on the Steiner polygon of A i . It suffices to prove that the left-turn path starting with a i 0 s ′ 3 cannot meet a i+5 a i+6 . Suppose to the contrary they meet at a point r. Since the angle between a i+5 a i+6 and a i 0 a i+1 is 60
• , r lies on the third edge of s 
Since a i+6 rs
It is easily seen that a Let the distance of a i+6 from the line a i 0 a i+1 be d 1 and the distance of a i+2 from the line a i 0 a i+1 be d 2 . Note that a i+6 lies on oa i . Since 1 − k
Hence, a i+2 lies between the parallel lines a i 0 a i+1 and a i+6 a i+7 . It follows that there is no regular point in a i 0 a i+1 a i+2 a i+6 . The second condition of Lemma 2.3 is also satisfied.
It is easy to check that all the angles a
• . Let ψ be the angle at the intersection of a i+6 a i+1 and a i 0 a i+2 subtending a i 0 a i+1 ( Figure 5 ). By Theorem 2.1, the full Steiner tree (a i 0 a i+1 )(a i+2 a i+6 ) exists and is the Steiner minimal tree for a i 0 a i+1 a i+2 a i+6 if ψ < 90
• . Let θ = a i+6 a i+1 a i+2 and let h be the point on a i+1 a i+2 such that a i+6 h ⊥ a i+1 a i+2 . Since a i+1 a i+2 o = γ > 90
• , a i+2 oa i+6 = 120
• , we have oa i+6 h < 60
• . Hence,
It is easy to verify that the right-hand side is monotone increasing and is less than 1/ √ 3 when k ≤ 0.4758. It follows that θ < 30
• , and ψ < 90
• . Hence, the third condition of Lemma 2.3 is satisfied. Now, by Lemma 2.3, T i is not minimal. This contradiction shows that m = 1; i.e., a i 0 and a i+1 always join the same Steiner point for any i. The proof is complete.
4. Spirals with two asymptotic points.
4758, and v is any point on a 0 a 1 . Then the Steiner minimal tree for va 1 a 2 · · · is still va 1 a 2 · · · itself. Proof. The proof is by Theorem 3.3 and the variational argument [7] , [8] . 
and a 0 oa 5 = 60
• . Let x = a 5 a 0 o. By the law of sines, sin x/ sin(120 by symmetry there are either four or two Steiner points on the path connecting a 1 and b 1 . However, the former case is impossible since b 2 b 1 a 1 = b 1 a 1 a 2 = 120
• . It follows that the path is a 1 s 1 s (1) The third edge of s 1 meets a 5 a 6 (Figure 7(a) ). It is easy to see for minimality that s 1 should end at a 6 and T 1 does not contain a 1 a 2 . Let the extension of a 5 a 6 meet a 1 a 2 at q. Since the asymptotic point o lies on a 2 a 5 , a 5 qa 2 = 60
• , a 2 a 5 a 6 = β, qa 2 a 5 = γ, and we have |a 2 q| = ρ Clearly, a 1 qa 6 s 1 is a parallelogram, |s 1 a 1 | = |a 6 q|, and va 1 s 1 = 60
• . Define f (k) = |ws 1 | + |s 1 a 1 | + |s 1 a 6 | − (|va 1 | + |a 1 a 2 |) = 1 2 |s 1 a 1 | − |a 2 q|
f (k) is positive when k ≤ 0.4655, as shown in Figure 8 . Hence, T is not minimal.
(2) The third edge of s 1 does not meet a 5 a 6 . Then it meets the bisector of a 1 a 2 a 3 ; otherwise the right-turn path a 1 s 1 s 2 · · · ends nowhere (Figure 7(b) ). (Recall that we have shown a 2 is between the lines a 0 a 1 and a 6 a 7 in the proof of Theorem 3.3.) If s 1 s 2 crosses the bisector of a 1 a 2 a 3 but does not meet a 6 a 7 , then the right-turn path ends nowhere either. So, similarly to the argument in (1), for minimality, the
